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1 Normal Likelihood

1.1 Univariate Normal Distribution

Let y1,...,y, be a random sample from the normal distribution N (u, 7'_1).
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a. Consider prior independence with prior distributions p ~ N (a7 c’l) and 7 ~ Gamma(p, ¢). Calculate the

conditional posterior distributions of p and 7.
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b. Consider the conjugate prior distribution p | 7 ~ N (a, T ), 7 ~ Gamma(p, ¢). Calculate the conditional

and marginal posterior distributions of u and 7.
Solution.

a. The joint prior distribution may be written as follows:

m(p, ) = 7 (p) - 7(7)



The likelihood of the sample is given by:

f(y‘/%T):Hf(yi‘/%T)
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Therefore, we get the conditional posterior distributions of p and 7 as follows:
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We can calculate Jeffreys’ prior for the univariate normal distribution as follows:

T(y — p)?

1 1
log f(y | u,7) = 5 log7 — ilog(%) - 5
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We observe that the improper Jeffreys’ prior results for a = c=¢ =0 and p = 0.5

MCMCnorm = function(Y, muO, tauO, a, c, p, q, niter, nburn) {
n = length(Y)
S = sum(Y)
mu = numeric(niter)
tau = numeric(niter)
mu[1] = muO
taul[l] = tau0
for (i in 2:niter) {
rnorm(1l, (c * a + taul[i - 1] * S)/(c + n * taul[i - 1]), (c +
tauli - 1])7(-0.5))
tauli] = rgamma(l, p + n/2, q + sum((Y - mu[i])~2)/2)

muli]

*

n

}
return(list( mu[-(1:nburn)], tau[-(1:nburn)]))

tau = 2
Y = rnorm(n, mu, tau"(-0.5))
posterior = MCMCnorm(Y, O, 1, 0, O, 0.5, 0, 5000, 1000)

par ( c(1, 2))

hist(posterior$mu, "FD", FALSE, NA, expression(mu))
abline( mu, 2, 2)

hist(posterior$tau, "FD", FALSE, NA, expression(tau))
abline( tau, 2, 2)
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b. The joint prior distribution may be written as follows:

m(p,7) = (| ) 7(T)
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Therefore, we get the joint posterior distribution of p and 7 as follows:
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We calculate that:
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In other words,
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Furthermore, we get the conditional posterior distribution of 7 as follows:
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In other words,

2

Definition 1.1. We say that a random variable X follows the generalized Student’s t distribution with mean
i € R, variance 02 > 0 and v > 0 degrees of freedom, i.e. X ~t, (M, 02), if it has the following probability density

function:
v41
2
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Finally, we define:
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Then, we calculate the marginal posterior distribution of y as follows:
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First, we implement a Gibbs sampler which alternately simulates from the conditional posterior distributions of p

and 7.

MCMCnorm = function(Y, muO, tau0O, a, ¢, p, q, niter, nburn) {
length(Y)

sum(Y)

n
S

cn = c +n

an = (c * a + S)/cn

mu = numeric(niter)

tau = numeric(niter)

mu[1] = muO

taul[1] = tau0

for (i in 2:niter) {
mul[i] = rnorm(1, an, (cn * taul[i - 1])°(-0.5))
tauli] = rgamma(l, p + (m + 1)/2, q + ¢ * (mu[i]l - a)"2/2 + sum((Y -

muli])~2)/2)
}
return(list( mu[-(1:nburn)], taul[-(1:nburn)]))

posterior = MCMCnorm(Y, O, 1, 0, 0, 0.5, 0, 5000, 1000)

par( c(1, 2))

hist(posterior$mu, "FD", FALSE, NA, expression(mu))
abline( mu, 2, 2)

hist(posterior$tau, "FD", FALSE, NA, expression(tau))
abline( tau, 2, 2)
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Next, we implement the composition method which first simulates from the marginal posterior distribution of 7

and then from the conditional posterior distribution of p.

CMnorm = function(Y, a, c, p, q, niter) {
n = length(Y)
S = sum(Y)
cn =c+n
an = (c *x a + S)/cn
pn = p + n/2
gn = q + ¢ * a”2/2 + sum(Y"2)/2 - cn * an"2/2
mu = numeric(niter)
tau = numeric(niter)
for (i in 1:niter) {
taul[i] = rgamma(l, pn, qn)
mul[i] = rnorm(1, an, (cn * taul[i]) "~ (-0.5))
}

return(list( mu, tau))

posterior = CMnorm(Y, O, 0, 0.5, 0, 4000)

par ( c(1, 2))

hist(posterior$mu, "FD", FALSE, NA, expression(mu))
abline( mu, 2, 2)

hist(posterior$tau, "FD", FALSE, NA, expression(tau))
abline( tau, 2, 2)
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1.2 Generalized Student’s t Distribution
Let y1,...,yn be a random sample from the generalized Student’s t distribution with mean u € R, precision 7 > 0
and v > 0 degrees of freedom, that is:
v+1
L) [ 1 o] *
i | T V) = 7o |1+ =Ty — , Y €R
Sl i) = I [ 2| T e

Consider the random variables W; ~ N ((), 7*1) and V; ~ x2 = Gamma (g, %) Then, we observe that:

Vi

v

Y;

+p

We let Z;, = Y. Then, Z; ~ Gamma (%, %) We observe that:

v

Y|z 2 \I;V;+NNN(M,TIZII)-

Suppose that the degrees of freedom v are known and that the parameters p, 7 are a priori independent with prior
distributions p ~ N (a, cfl), 7 ~ Gamma(p, q). Calculate the conditional posterior distributions of the parameters

u, T and the latent variables z;.
Solution.

The joint prior distribution may be written as follows:
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The complete-data likelihood, i.e. the joint likelihood of the observed variables y; and the latent variables z;, is

given by:
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Therefore, we get the conditional posterior distributions of p and 7 as follows:
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Furthermore, we get the conditional posterior distribution of the latent variables z; as follows:

! v+ 7y —p)?
T(zi L yis ) o< fyiszi |, 7) o 2; 2 eXp{—(gu)zi}.

In other words,

ca + nTzZyY 1 n 1 2
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MCMCt = function(Y, muO, tauO, nu, a, c, p, q, niter, nburn) {
n = length(Y)
mu = numeric(niter)
tau = numeric(niter)
Z = matrix(0, niter, n)
mu[1] = muO
taul[1] = tau0
Z[1, 1 = rgamma(n, (nu + 1)/2, (nu + taul1] * (Y - mu[1])"2)/2)
for (i in 2:niter) {
mul[i] = rnorm(1, (c * a + taul[i - 1] * sum(Z[i - 1, ] * Y))/(c + tauli -
1] * sum(Z[i - 1, 1)), (c + n * tauli - 1])°(-0.5))
taul[i] = rgamma(l, p + n/2, q + sum(Z[i - 1, ] * (Y - mu[i])"2)/2)
Z[i, 1 = rgamma(n, (nu + 1)/2, (nu + tauli] * (Y - mu[i])"2)/2)

}
return(list( mu[-(1:nburn)], tau[-(1:nburn)], Z[-(1:nburn),
1)
}
library (mvtnorm)
n = 1000
mu = 1
tau = 2
nu = 10

Y = rmvt(n, matrix(tau~(-1)), nu, mu)
posterior = MCMCt(Y, O, 1, nu, O, O, 0.5, 0, 5000, 1000)

par ( c(1, 2))

hist(posterior$mu, "FD", FALSE, NA, expression(mu))
abline( mu, 2, 2)

hist(posterior$tau, "FD", FALSE, NA, expression(tau))

10



abline( tau, 2, 2)
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Alternatively, we can implement a Random Walk Metropolis-Hastings algorithm. We consider the proposed random

variable p* | pp_1 ~ N (ug_1, oi) for the parameter p € R with the following acceptance probability:

N A O A CA V)
A1) = {wel)f(ywhm)’l}'

We consider the proposed random variable 7* | 7,_1 ~ Lognormal (1og o1, 03) for the parameter 7 > 0 with the

following conditional probability density function:

f 1) =

1 { (log 7* — log Tg,1)2 }
—expl — 5.2 )
\/2mo27? | or

Then, the acceptance probability of the value 7 is given by:

T 7*) = mi W(T*) f(y | ’U’E’T*) . }
A(Tgon,77) = mm{ﬂ(n_l) F | e, me-1) Te—171 -

fZ~N (O, 0'72_), then we know that 7* | 7,_1 ~ 7,_1e%. Therefore, this proposal is called a multiplicative random

walk and may be equivalently written as a random walk on the log scale in the following manner:
log7* | 1o-1 ~ N (logn_l,af) .

RWMHt = function(Y, muO, tauO, nu, musd, tausd, niter, nburn) {
library(mvtnorm)
mu = numeric(niter)
tau = numeric(niter)
mu[1] = muO
taul[1] = tau0

for (i in 2:niter) {

11



mustar = rnorm(1, muli - 1], musd)
logA = sum(dmvt(Y, mustar, matrix(taul[i - 1]°(-1)), nu) - dmvt(Y, mul[i -
1], matrix(tauli - 1]1°(-1)), nu))
mu[i] = ifelse(log(runif(1)) < logA, mustar, muli - 1])
taustar = taul[i - 1] * exp(rnorm(1, tausd))
logA = log(taustar/tauli - 1])/2 + sum(dmvt(Y, mul[i], matrix(taustar~(-1)),
nu) - dmvt(Y, muli], matrix(tauli - 1]1°(-1)), nuw))
tauli] = ifelse(log(runif(1)) < logA, taustar, tauli - 1])
}
return(list( mu[-(1:nburn)], tau[-(1:nburn)]))

posterior = RWMHt(Y, O, 1, nu, 0.05, 0.1, 5000, 1000)

par( c(1, 2))
plot(posterior$mu, ", expression(mu))
abline( mu, 2, 2)
plot(posterior$tau, ", expression(tau))
abline( tau, 2, 2)
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hist(posterior$mu, "FD", FALSE, NA, expression(mu))
abline( mu, 2, 2)
hist(posterior$tau, "FD", FALSE, NA, expression(tau))
abline( tau, 2, 2)
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1.3 One-Way Analysis of Variance Model
Consider the analysis of variance model y;; = p; +¢€;;, where &, ~ N (0,771) fori = 1,2,...,mand j = 1,2,...,n

We consider prior independence with prior distributions p; ~ N (a, 0*1) and 7 ~ Gamma(p, q). Calculate the

conditional posterior distributions of p; and 7.

Solution.

The joint prior distribution may be written as follows:

m

m(p, ) = 7(T) - H (h24)

q”l‘”ﬁ\/»exp{ )}

T
ILL'L _2a:ul+a‘ p—1_—qt

X exp { CZ 5 } TP e

o<exp{ Zul +caz,ul} “lemaT,

We define:

m n;
n= Z Nia yz Z Yij-
i=1 i
Then, the likelihood of the sample is given by:

m  n;

F@lwn) =111 fwis | m)

i=1j=1

STEEE

1=17=1
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Therefore, we get the conditional posterior distributions of u; and 7 as follows:

m(pi | 7,y) o< w(p, 7 | y)
oc (g, ) - fly | ps7)

c 1 _
X exp {—iuf + ca,ui} - exp {—2%‘7'/1? + nﬂyiui}

1 ) _
= exp —5 (c+nyT) ps + (ca + n7g;)

Cn
c+n;T ca + n;TY;
=expq — : M?"F(C‘*‘ﬂﬂ)izyz i
2 —_———r Cc+ T
N———

(7 | pyy) o<, 7) - f(y | p,7)

1m n;

-1 — n 2
o TP e -T2 exp —QZZ(W—M)T

i=1 j=1

m  n;

exp { — Q+%ZZ(yij_Mi)2 T

i=1 j=1

S

In other words,

m n;

ca + n;TY; 1 n 1 2
uilT,y~N< Trns o) TIwy~ Gemma PG At > (i — )

i=1j=1

MCMCanova = function(Y, X, mu0O, tau0, a, c, p, q, niter, nburn) {

n = length(Y)

m = length(levels(X))
N = table(X)
S = aggregate(Y ~ X, sum) [, 2]

mu = matrix(0, niter, m)
tau = numeric(niter)
mull, ] = muo

tau[1] = tau0

for (i in 2:niter) {

14



muli, ] = rnorm(m, (c * a + taul[i - 1] * S)/(c + N * tauli - 1]), (c +
N * tauli - 1])°(-0.5))
taul[i] = rgamma(l, p + n/2, q + sum((Y - mul[i, X1)"2)/2)

}
return(list( tau[-(1:nburn)], mul[-(1:nburn), 1))
}
n = 1000
m= 2
tau = 3
mu = c(1, 4)
X = factor(sample(m, n, TRUE) , 1:m)

Y = rnorm(n, mu[X], tau~(-0.5))
posterior = MCMCanova(Y, X, numeric(m), 1, 0, 0, 0.5, 0, 5000, 1000)

par( c(1, 3))
hist(posterior$mul, 1], "FD", FALSE, NA, expression(mu[1]))
abline( mul1], 2, 2)
hist(posterior$mul, 2], "FD", FALSE, NA, expression(mu[2]))
abline( mu[2], 2, 2)
hist(posterior$tau, "FD", FALSE, NA, expression(tau))
abline( tau, 2, 2)
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1.4 Linear Model with Student’s t Error Term

Consider the linear model y; = x} 8 + ¢;, where 3 € R* and the error term ¢; follows the generalized Student’s t

T (xtl -z
fly: | B,7v) = 1“((’2’)) /i [1+i7(yi—x?5>2} . yi €R.
2

Consider the random variables W; ~ N (O, 7*1) and V; ~ x2 = Gamma (%, %) Then, we observe that:

distribution with mean 0, precision 7 > 0 and v > 0 degrees of freedom, that is:

a Wi

i

v

+x?ﬁ

Y;

We let Z; = % Then, Z; ~ Gamma (%, %) We observe that:
a W + 213 NN(x;Fﬂ,T*lzi_l).

Vil <

Suppose that the degrees of freedom v are known and consider the conditionally conjugate prior distribution

B | T~ Ng (a,Tflel), T ~ Gamma(p,q). Calculate the conditional posterior distributions = (8,7 | z,v),
ﬂ-(T ‘ 5727y) and f(zl | yiaﬂu’r)'

Solution.
The joint prior distribution may be written as follows:

m(B,7) =7(B [ 1) w(r)
—(2m) % |l R TB-a)'CB-a) & 1 g
=(@2m) 2 |r7'C7| exp{ 3 }.F(p)Tp e ?
~ Tp+’5’1€xp{ {qu (B fa)TZC’(ﬂ - a)] 7-}
® { ﬁTCﬂ—ZBTC’a—FaTC'a} o1 —qr
=T2exp{—T 5 e S
e T ) el 7))

The complete-data likelihood, i.e. the joint likelihood of the observed variables y; and the latent variables z;, is

given by:
f(yvz | 1637—) :Hf(y’uz? | /B7T)

-1 s,
2

z7 e
2T

i=1
v 2
2 TZ { Tz (yi —al ) }
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v (ot )22}
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We define y = (y1,. . ., yn)T € R”, the design matrix X = (z1,... 7xn)T € R™* and the diagonal weight matrix
Z = diag(z1,...,2n) € R"™™. Then, we observe that y | z ~ N, (Xﬁ, T_lZ_l). In other words, the complete-data
likelihood is given by:

f(yaz|6a7_) :f(z)f(y | Z>ﬁ77—)

n

= (271-)*5

7-*12*1|_% eXp{T(yXﬂ)TQZ(yXﬁ)} . H (%) 51 _xs,

5 (y—XB)"Zy - Xp) 1 Tt V—
X T2 exp{— 5 T -\Z\zilzllzf exp | —5 E 2
T TyT TyT n n n
n y Zy—20"X"Zy+p X" ZXp 1 ¥ v
=72 exp{— 5 T I |z I |z expq =5 ) %

T T n TZ
:exp{—W_,_ﬂTTXTZy},TQ exp{—y yT}

n vil v n
><1_[zi2 1exp{—22zi}.
i=1

i=1

Therefore, we get the joint conditional posterior distribution of g and 7 as follows:

m(B,7 | z,y) xw(B,7,2 | y)

(Xﬂ-(ﬁ’T)'f(yaZ | /BaT)
x 7 eXP{—BTgC/B +BTTCa} TP exp {— (q+ aT§a> 7-}

T T ., Ty
X exp{—ﬂ TX2 ZXp +BTTXTZy} T2 exp{—y 5 yT}
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~—_—————
Ch
n TC Tz
><Tp+2_lexp{— (q-l—a a—;—y y) T}
T C _
— hexp _w + 877 (C+ XTZX) (C+ XT2X) ™" (Ca+ X" 2Zy)
Chp Qn
n Tc Tz
><Tp+2_1exp{— (q—i—a a;—y y) 7'}
) T Cn T Cn n T Cn n
=13 exp BTGB + BT Cpa, — T ndn | OnTond
2 2 2
XTp+2lexp{— <q+a a—;—y y) T}
_ k 7_(6 - an)TCn(ﬂ - an)
=72 exp{ 5
n Tc TZy —aTC
><7-”+21exp{— <q+a oty 2y In nan)T}.
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We calculate that:
el Cran = (Ca+X"2y)" (C+X"2ZX) " (Ca+ X" 2Zy).

In other words,
Blmzy~ N ((C+X72X) " (Cat XT2y) 77 (C+ X72X) ),

a®Ca+yTZy — aEC’nan>
5 .

n
7| 2,y ~ Gamma (er §,q+

Furthermore, we get the conditional posterior distribution of 7 as follows:

w(T | B,z,y) ocw(B,7) - fy,2 | B,7)
o<7-p+§—1exp{— [q—l— (6—a)T2(J(ﬁ—a)} 7-} T2 exp{—(y_Xﬁ)ZZ(y_Xﬁ)T}

= et te (- o+ 5 @)'C(B—a)+ (Qy—X@TZ(y—Xﬁ)} a8

In other words,

ntk (B—a)tC(B—a) +(yX6)TZ(yXB)) _

~ G
7| 8,2,y amma(p+ 54 5

Finally, we get the conditional posterior distribution of the latent variables z; as follows:

,/-;-1_1 Z/+T<yi *ngﬂ)Q
f(Zz|ylvﬁv7—)o<f(yzvzl|ﬂv7—)oczz exXp § — 9 Zi -

In other words,

2
1 v+ i —
Zi|yiaﬂ,TwGamma<V;r ,V T(y2 € B) )

First, we implement a Gibbs sampler which alternately simulates from the conditional posterior distributions of

the parameters 8, 7 and the latent variables z;.

MCMCtlm = function(Y, X, betalO, tau0, nu, a, C, p, q, niter, nburn) {

library (MASS)
n = length(Y)
k = dim(X) [2]

beta = matrix(0, niter, k)
tau = numeric(niter)
Z = matrix(0, niter, n)
beta[1, ] = betal
taul1] tau0l
Z[1, 1 = rgamma(n, (nu + 1)/2, (au + taull] * (Y - X %x% betall, 1)°2)/2)
for (i in 2:niter) {
Cn = C + crossprod(X, zZ[i - 1, ] * X)
an = solve(Cn, C %*% a + crossprod(X, Z[i - 1, ] * Y))

betali, ] = mvrnorm(l, an, solve(Cn)/tauli - 1])
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tauli] = rgamma(l, p + (n + k)/2, q + (crossprod(betali, 1 - a, C %x*%
(betali, ] - a)) + crossprod(Y - X %*% betali, 1, Z[1i - 1, 1 * (Y -
X %x% betali, 1)))/2)

Z[i, 1 = rgamma(n, (nu + 1)/2, (nu + taul[i] * (Y - X %*% betali, 1)°2)/2)

}
return(list( betal[-(1:nburn), ], taul[-(1:nburn)], Z[-(1:nburn),
1)
}
library (mvtnorm)
n = 1000
k=2
beta = c(1, 3)
tau = 2
nu = 10
X = cbind(1, rnorm(n))
Y = X %*% beta + rmvt(n, matrix(tau~(-1)), nu)

posterior = MCMCtlm(Y, X, numeric(k), 1, nu, numeric(k), matrix(0, k, k), 0.5,
0, 5000, 1000)

par ( c(1, 3»
hist(posterior$betal, 1], "FD", FALSE, NA, expression(beta[0]))
abline( betal1], 2, 2)
hist(posterior$betal, 21, "FD", FALSE, NA, expression(betal[1]))
abline( betal[2], 2, 2)
hist(posterior$tau, "FD", FALSE, NA, expression(tau))
abline( tau, 2, 2)
e 0 I :
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Next, we implement a Gibbs sampler which alternately simulates from the conditional posterior distributions of

the parameter (5, 7) and the latent variables z;.

MCMCtlm = function(Y, X, betal, tau0, nu, a, C, p, q, niter, nburn) {
library (MASS)
n = length(Y)
k = dim(X) [2]
beta = matrix(0, niter, k)
tau = numeric(niter)
Z = matrix(0, niter, n)
betal[l, ] = betal
taul[1] = tau0
Z[1, ] = rgamma(n, (nu + 1)/2, (nu + taull] * (Y - X %*% betall, 1)°2)/2)
for (i in 2:niter) {
Cn = C + crossprod(X, Z[i - 1, 1 * X)
an = solve(Cn, C %x*% a + crossprod(X, Z[i - 1, ] * Y))

qn = q + (crossprod(a, C %*% a) + crossprod(Y, Z[i - 1, ] * Y) - crossprod(C %*%
a + crossprod(X, Z[i - 1, ] * Y), an))/2
tauli] = rgamma(l, p + n/2, qn)
betali, ] = mvrnorm(l, an, solve(Cn)/tauli])
Z[i, 1 = rgamma(n, (nu + 1)/2, (nu + tauli] * (Y - X %*% betali, 1)°2)/2)
}
return(list( betal[-(1:nburn), ], tau[-(1:nburn)], Z[-(1:nburn),
1)

posterior = MCMCtlm(Y, X, numeric(k), 1, nu, numeric(k), matrix(0, k, k), 0.5,
0, 5000, 1000)

par( c(1, 3))

hist(posterior$betal, 1], "FD", FALSE, NA, expression(beta[0]))
abline( betal[1], 2, 2)

hist(posterior$betal, 2], "FD", FALSE, NA, expression(betal[1]))
abline( betal2], 2, 2)

hist(posterior$tau, "FD", FALSE, NA, expression(tau))

abline( tau, 2, 2)
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1.5 Multivariate Normal Distribution

Definition 1.2. We define the multivariate Gamma function as follows:

k(k—1) k—1
Tp(x)=n"1 HF(Q@+>, x>T, keN.

Definition 1.3. We say that a positive definite random matrix X € R¥** follows the Wishart distribution with
positive definite scale matrix A € R¥** and v > 0 degrees of freedom, i.e. X ~ Wy (4, ), if it has the following
probability density function:

1 v—k—1 1 —1
fX X A, V)= —%5—V———_|T 2 e*§tr(A w), x € Rka.
1Ay 2% |A]5T), (%)|

Let y1,...,yn be a random sample from the multivariate normal distribution N (i, 2).

a. Consider prior independence with prior distributions p ~ N (a, C‘l) and Q ~ Wy (A_l, d). Calculate the

conditional posterior distributions of p and .

b. Consider the conjugate prior distribution u | Q ~ Ny (a, 0’19*1), Q ~ Wy (Afl, d). Calculate the conditional

and marginal posterior distributions of x and €.
Solution.

a. The joint prior distribution may be written as follows:

7(11, Q) = (p) - 7(Q)

T a
_ ]C 1’ exp{ (1 —a) C(u—a)}' dk|A|2 . ‘Q|d*§*16—%tr(AQ)
2 25T (5)

T T T
o exp{—u Cu— 2u2C’a—|—a C’a} ' ‘Q|d757167%tr(1m)
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T
X exp {_,u 20# + MTC’a} : |Q|digile_%tr(AQ).
Lemma 1.1. Let z € R® and A € R™"*". Then,
zT Az = tr (acTAx) =tr (xxTA) .

The likelihood of the sample is given by:

n

F@lm) =] fwln)

=1

n ) o T o
R R e

, 2
=1

n T T T
n Zyiﬂyr?u Qi + = Qu
= |Q|2 exp{ 2
=1

TnQ n 1 =
= exp {—“Z” - uTnQy} -9 % exp {—2tr (Z nyQ) } :
=1

Therefore, we get the conditional posterior distributions of x and 2 as follows:

o |Q|% exp {—;tr [Z(yz — ) (y; — )T

i=1

(| Qy) ocm(p, Q| y)
oc w(p, Q) - f(y | 1, 2)

TO T 0
X exp {—'UQ'M + uTC'a} - exp {_MTQLH + ,uTnQy}

1
=expq —5n" (C+n) p+p’ (CatnQy)
Cn
pt (C+n) p

—exp{ —————— = 4 4T (C+nQ) (C+nQ)~ " (Ca+nQ7y) p,
2 —_——

Ch an

(| pyy) o< w(p, Q) - fly | w1, Q)

n
d—

k=1 _1lgp n 1
x Q77 e 2t(AQ)-IQI26XP{—2tr [Z(yz-—u)(yi—u)TQ

2y

(A + Z(yi — 1) (ys — u)T> Q

n—~rk— 1
= |Q|LH E exp{—2tr

In other words,
il Qy ~ N ((C+n2)™ (CatnQp), (€ +n0)7)

Q| pyy ~ Wi (<A+Z(yi_ﬂ)(yi_M)T> 7d+n) :
i=1

22



Definition 1.4. We define the Kronecker product of two matrices A € R"*™ and B € RP*? as the following

matrix:
anB ai2B -+ amB
annB  axpB - aB
C=A® B= ) € RPxma,
anlB angB e ant

Lemma 1.2. Let A € R"*™ be a positive definite matrix, x,a € R™ and ¢ € R. Then, it follows that:

dc Oa 0Azx 0aTx 0xT Az
oz =0,, o = 0,xn, or = A, o7 =a, B = 2Az,
daaT dax™  OzxaT OxzT
Oz 052 %m, O Oz aQ@ Iy, or T 1, +1, ¥,
02T Az T Olog|A| Y. 1 1 OAx T
— = = A~ =—Alt A" = — I .
o4 "™ Taa " 94 OAL g TT ©hh

Lemma 1.3. Let X € R* be a random vector and A € R"*™ a constant matrix. Then, it follows that:
E(AX)=A®EX), EX®A) =EX)c A.
Lemma 1.4. Let A € R"*™ and B € R™*™. Then, it follows that:
|A® B| = [A]™|B[".
We can calculate Jeffreys’ prior for the multivariate normal distribution as follows:

1 k — )Ty —
log f(y | 1, ) = 510g|9| — 5 log(27) — =) 5 g “),

dlog fly | Q) o Olog flylwQ) 1., (y—pwy—w?’
SBIVILT oy ert, SBLEINT _ com WM

Rk xk
o 00 < ;

9 log f(y | 1, Q) — _Q e RF*k 9log f(y | 1, Q) _ _%Qq 00 le szxkz,

ouodp 000N

2 2 2 — . — 2
9 logf(yluvﬁ):(y_mT@)Ikekak’ 9 IOgaJ;(gAH’Q) (y M)®Ik‘;lk®(y H)eRk <k,

9004 =

Q 0 w12
0p2 %Q_l ®Q_1

1 — _ 1-2k
(1, 2) o< /TZ(, ) :\/m\QQ-l@ﬂ-l s/l QT =10

We observe that the improper Jeffreys’ prior results for a = 0, C = A = Opxx and d =2 — k

b

B 0%log f(y | 1, Q)
Z(w 2) =E [—ammawm]

MCMCmvnorm = function(Y, muO, OmegalO, a, C, A, d, niter, nburn) {
library (MASS)
n = dim(Y) [1]
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dim(Y) [2]
colSums(Y)

mu = matrix(0, niter, k)

mull, ]

Omega = array(0,

muO

c(k, k, niter))

Omegal, , 1] = OmegaO

Omegal, , i - 1]

solve(Cn, C %*% a + Omegal, , i - 1] %*% S)

for (i in 2:niter) {
Ch =C+n *
an =
muli, ] =

Omegal, , il

mvrnorm(1l, an, solve(Cn))

rWishart(1, d + n, solve(A + tcrossprod(t(Y) - muli,

DN
}
return(list( mu[-(1:nburn), ], Omegal, , -(1:nburn)]))
T
library (MASS)
n = 1000
k=2
mu = c(4, 5)
Omega = matrix(c(2, 1, 1, 3), k)
Y = mvrnorm(n, mu, solve(Omega))
posterior = MCMCmvnorm(Y, numeric(k), diag(k), numeric(k), matrix(0, k, k),
matrix(0, k, k), 2 - k, 5000, 1000)
par ( c(1, 2))
hist(posterior$mul, 1], "FD", FALSE, NA, expression(mu[1]))
abline( mu[1], 2, 2)
hist(posterior$mul, 2], "FD", FALSE, NA, expression(mu[2]))
abline( mul[2], 2, 2)
0 _ L ]
— e L
- B LD _ 1
| —
o I i L
> — >
= — . i 2 o | i
c c —
(O] (O]
(@) (@)
O — 0
O - 1 O - 1
[ [ [ | [ [ |
3.95 4.00 4.05 4.10 495 5.00 5.05
H1 Ha
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par ( c(1, 3))

hist(posterior$Omegall, 1, ], "FD", FALSE, NA, expression(Omega[11]))
abline( Omegal1l, 1], 2, 2)
hist(posterior$Omegall, 2, 1, "FD", FALSE, NA, expression(Omega[12]))
abline( Omegal1l, 2], 2, 2)
hist(posterior$Omegal2, 2, ], "FD", FALSE, NA, expression(Omega[22]))
abline( Omega[2, 2], 2, 2)
it o _ |
1 “© 1
1 0 — 1
< H o |
™ |
< - 0 | |
N 1
o |
> > =z Q- I
@ 5 @7 B N |
c c c |
[ [ [
a o a O | |
— 1
N |
Q i 1
—
o -
- -
n |
o
o - o
B s s B | N s
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b. The joint prior distribution may be written as follows:

m(p, ) = 7(p [ ) - 7(Q)

= (2m)~ 5| c o 1| exp{

C(N’ - a)TQ(/J’ — a) } . |A‘ 2 |Q‘ d=k—1 —1tr(AQ)
2 dk

+1 k—1 1
x Q] exp{—Qtr [(A+c(p—a)(p—a)h) Q]}
T T T
_ |Qéexp{ Qu—2,u Qa+a Qa} |Q|d7§7167%tr(1¢m)
1 uTeQp d—k—1 1 T
= Q2 expq — 5 +uTeQay - 102 exp —itr[(A—l-caa )Q] ¢

Therefore, we get the joint posterior distribution of x and €2 as follows:

m(p, 2 y) o< w(p, ) - fy | p, Q)

Q0 ke 1
0(|Q|5exp{ e ; H—Fu cQa} |Q\% exp{—2tr[(A+caaT) Q]}

Th 0 1 -
X exp {,u;L,u + uTnQy} -] 2 exp {Qtr <Z ylszQ> }
i=1
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, 1
= Q|7 exp{ —5p" (¢ +n) Qu+ p'Q (ca + ny)
PN

. 1
X \Q|d+ . exp{—ztr
i=1

(A + caa” + Zyﬂf) Q

}

T 0O I

:|Q|%exp _p TR (C—;n) M—I—MT(C—i-n)Qcainy
N—— C n

——

Cn
An

(A + caa® + Zyﬂf) Q

St )

T T
_apcaQay | apcaflan }

. 1
X \Q|d+ . exp{—ztr

1 Te,
= |Q|* exp {_”C;“ + 1T e Qan,
<A+ caa™ + g yzsz> Q

2 2
n—k— 1
X \Q|d+ T exp{—Qtr
i=1

:|QﬁeXp{_@ﬂﬂ—awTﬂui—a0}

2
n
(A + caaT + Zyzy;r - cnana2> Q

i=1

n—k— ].
X \Q|d+ . exp{2tr

} |

We calculate that: .
1 _ (ca+ny) (ca + ny)
CnlnG, = o

In other words,

ca + ny 1 _
uum~m( g Qﬁ,

c+n ‘c+n

n . T —1
Qy~We <A+caaT+ZyiyiT_(Ca+ny)(ca+ny) ) dan
i=1 ctn

Furthermore, we get the conditional posterior distribution of 2 as follows:

(| pyy) ocm(p, Q) - fy | 11, Q)

d+1—k—1

x |Q7 =2 exp{—;tr[(A+c(u—a)(u—a)T) Q}}

}

(A +e(p—a)(p—a)t + Z(y — ) (yi — M)T> Q} } :

X Q% exp {—;tr lZ(y — )y — )"

i=1

—_

= \Q|d+n+;_k_1 exp {—Qtr

In other words,

n

Qf p,y ~We <A+C(u—a)(u—a)T+Z(yz~—u)(yz-—u)T> yd+n+1
i=1

Definition 1.5. We say that a random vector X € R* follows the multivariate Student’s t distribution with mean
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vector 1 € R¥, positive definite covariance matrix ¥ € R¥** and v > 0 degrees of freedom, i.e. X ~ t, (u, %), if it

has the following probability density function:

_ vtk
2

1
1—|—;(m—,u)T271(x—,u) , xR

l/+k)

2
(5) wmzs)

Fut | o 2) = =
Lemma 1.5. Let z,y € R™ and A € R™ "™ an invertible matrix. Then,

A+ ay"| = Al (1+yTA ).
Finally, We define:

n
dy=d4+n—k+1, A,=A+caa® +ZyiyiT — cnanaE.
i=1

Then, we calculate the marginal posterior distribution of y as follows:

m(e | ) = / (1, Q| 4)dQ

ntlok— 1
oc/\Q|d+ Ea 1exp{—2‘c1“

o [A+c(p—a)(p—a)T + Z(yl — )y — )"

<A+du—aﬂu—®T+§:@r—MQn—uf)Q]}ﬂl

1=1
_d4ntl
2

_din—k+1+k
2

= A+ cad” + >yl + (e +n)up” — (ca+ny) u" — p(ca+ny)"
i=1

_dn+tk

n 2
= |A+ caaT + Z yiyiT — cnanag +en (p—an) (u— an)T
i=1

o [ en (= an) " A (= )]*

_dn+tk
2

1
= [1 + T (= an)" endn AT (1 — an)

In other words,
1
1% | Yy~ tdn (ana An) .
Cndy,

First, we implement a Gibbs sampler which alternately simulates from the conditional posterior distributions of u
and €.

MCMCmvnorm = function(Y, muO, OmegalO, a, c, A, d, niter, nburn) {

library (MASS)
n = dim(Y) [1]
k = dim(Y) [2]
S = colSums(Y)

cn = c +n

an = (c * a + S)/cn

mu = matrix(0, niter, k)

27



Omega = array(0, c(k, k, niter))
mull, ] = muO
Omegal, , 1] = OmegaO
for (i in 2:niter) {
muli, ] = mvrnorm(1l, an, solve(Omegal, , i - 1])/cn)
Omegal, , i] = rWishart(l, d + n + 1, solve(A + c * tcrossprod(muli,

1 - a) + tcrossprod(t(Y) - muli, 1)))

+
return(list( mu[-(1:nburn), ], Omegal, , -(1:nburn)]))
}
posterior = MCMCmvnorm(Y, numeric(k), diag(k), numeric(k), 0, matrix(0, k, k),
2 - k, 5000, 1000)
par( c(1, 2))
hist(posterior$mul, 1], "FD", FALSE, NA, expression(mu[1]))
abline( mul1], 2, 2)
hist(posterior$mul, 2], "FD", FALSE, NA, expression(mu[2]))
abline( mu[2], 2, 2)
0 _ e 1T
i | L M
] n _ M H]T
| —
> 9 - | o AL
= 5 =
.(7) __ .(7) S' 1 |
C C
(&) (&)
@] @]
LD —
LD —
o - , o - .
[ [ [ | [ [ |
3.95 4.00 4.05 4.10 495 500 5.05
M1 H2
par( c(1, 30
hist(posterior$Omegall, 1, ], "FD", FALSE, NA, expression(Omega[11]))
abline( Omegal1, 11, 2, 2)
hist(posterior$Omegall, 2, ], "FD", FALSE, NA, expression(Omega[12]))
abline( Omega[1l, 2], 2, 2)
hist(posterior$Omegal2, 2, ], "FD", FALSE, NA, expression(Omega[22]))
abline( Omegal2, 2], 2, 2)
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Next, we implement the composition method which first simulates from the marginal posterior distribution of {2

and then from the conditional posterior distribution of u.

CMmvnorm = function(Y, muO, OmegaO, a, c, A, d, niter, nburn) {

library (MASS)
n = dim(Y) [1]
k = dim(Y) [2]
S = colSums(Y)

cn=c+n
an = (c * a + S)/cn

An

solve(A + c * tcrossprod(a) + crossprod(Y) - cn * tcrossprod(an))

mu = matrix(0, niter, k)
Omega = array(0, c(k, k, niter))
mull, ] = muo
Omegal, , 1] = OmegaO
for (i in 2:niter) {
Omegal, , i] = rWishart(l, 4 + n, An)
muli, ] = mvrnorm(l, an, solve(Omegal, , i])/cn)

}
return(list( mu[-(1:nburn), ], Omegal, , -(1:nburn)]))

posterior = CMmvnorm(Y, numeric(k), diag(k), numeric(k), O, matrix(0, k, k),
2 - k, 5000, 1000)

par ( c(1, 2))

hist(posterior$mul, 1], "FD", FALSE, NA, expression(mu[1]))
abline( mul1], 2, 2)

hist(posterior$mul, 2], "FD", FALSE, NA, expression(mu[2]))
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abline( mu[2], 2, 2)

0 _ Then -
— | L M
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par ( c(1, 30
hist(posterior$Omegall, 1, 1, "FD", FALSE, NA, expression(Omegal[11]))
abline( Omegal1, 1], 2, 2)
hist(posterior$Omegall, 2, ], "FD", FALSE, NA, expression(Omega[12]))
abline( Omega[1l, 2], 2, 2)
hist(posterior$Omegal2, 2, ], "FD", FALSE, NA, expression(Omega[22]))
abline( Omegal2, 2], 2, 2)
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1.6 Multivariate Student’s t Distribution

Let 41, ..., yn be a random sample from the multivariate Student’s t distribution with mean vector u € R¥, positive

definite precision matrix Q € R¥**¥ and v > 0 degrees of freedom, that is:

_ vtk
2

T v+k
f(yi|/L,Q,V): F(

kL 1
(l%)(uw) '§|Q| 2 [1 + ;(yl - N)TQ(yi — ) , Y € RE.
2

~—

Consider the random variables W; ~ N, (07 Q_l) and V; ~ x2 = Gamma (%, %) Then, we observe that:
a Wi
Cw

We let Z; = Y4, Then, Z; ~ Gamma (%, %). We observe that:

Y;

a W; PPN
Yi‘ZiZﬁ‘f‘MNNk(M,Zi ' 1)-

Suppose that the degrees of freedom v are known and that the parameters u, {2 are a priori independent with
prior distributions y ~ Ny (a,C™1) and Q ~ W, (A™!,d). Calculate the conditional posterior distributions of the

parameters u, €2 and the latent variables z;.
Solution.

The joint prior distribution may be written as follows:

(1, Q) = 7(n) - ()

1) —aTC—a)| A e
=2r) 2 |C7Y 2ex {_(M @) } T Q e~ 2t (A
ert e e : e

T T T
x exp {_:u O'LL - 2;“200,"'@ Ca} ) |Q|d7§716—%tr(AQ)

TC o
O(exp{_MQM +MTCCL} . |Q‘d 5 o~ 5tr(AQ)

We define:
1 n
Zy = o z; ZiYs-
1=

The complete-data likelihood, i.e. the joint likelihood of the observed variables y; and the latent variables z;, is

given by:

F@oz ) =[] firzi | 1, 9)
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" 1 n n V+k‘7 v n
=|Q|26Xp{—2tr [Zzi(yi_ﬂ)(yi_ﬂ)TQ]}'i z leXp{—zzzz}

i=1

n " yrQ P — 2 TQi TQ T vk 2
:|Q|2exp{—zy7’ i ,u2 vith le}.HziQ 1exp{—;' zz}

i=1

TnzQ n 1 -
— exp {’”L;“ + uTany} 192/% exp {2tr <Z ziyiy?ﬂ> }

i=1

Therefore, we get the conditional posterior distributions of p and 2 as follows:

m(p | Q,2,y) o< m(p, Q2,2 | y)
o m(p, Q) - fly, 2 | 1, Q)

TO T fQ
< exp {_uzﬂ N MTOG} exp {_un;u N uTnQZy}

1
= exp —i,uT (C 4+ nzQ) p + u* (Ca + nQz7y)

Cn

T

= exp —% + 1T (C +nzQ) (C +nzQ) ' (Ca+ nz7) 3,

Ch an
(| p,2,y) o<, Q) - f(y, 2 | 1, Q)

d—k—1 _ 1. n 1 "
o Q] e 2”"‘Q)-Ql2exp{—2tr [Zzi(yi—u)(yi—u)TQ
=1

(A + sz(yz — ) (yi — M)T> Q } .

Furthermore, we get the conditional posterior distribution of the latent variables z; as follows:

}

n—k— 1
= |Q\d+ E exp{2tr

vtk A T R
f(zz-Iyi,u,Q)df(yi,ziIM,Q)O%;_1eXP{—V+(yl L M)Zi}

In other words,
1 Q2 ~ N ((c +02Q) " (Ca + nQ77) , (C + nm)*l) ,

n —1
Q| gz ~ Wy <A+Zz¢(yi—u)(yi—u)T> d+n |,
=1

v+k V+(yi—u)TQ(yi—u)>.

% iy 7QNG )
zi | yi, amma( 5 5
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MCMCmvt = function(Y, muO, Omegal, nu, a, C, A, d, niter, nburn) {

library (MASS)
n = dim(Y) [1]
k = dim(Y) [2]

mu = matrix(0, niter, k)
Omega = array(0, c(k, k, niter))
Z = matrix(0, niter, n)
mul[l, ] = muo
Omegal, , 1] = OmegaO
Z[1, 1 = rgamma(n, (nu + k)/2, (nu + colSums((t(Y) - mu[l, ]) * Omegal,
, 11 %% (£ (¥Y) - mull, 1)))/2)
for (i in 2:niter) {
Cn =C + sum(Z[i - 1, 1) * Omegal, , i - 1]
solve(Cn, C %*% a + Omegal, , i - 1] %*J% colSums(Z[i - 1, ] * Y))

an
muli, ] = mvrnorm(l, an, solve(Cn))
Omegal, , i] = rWishart(l, 4 + n, solve(A + crossprod(sqrt(Z[i - 1,
D o* () - muli, 1))))
Z[i, ] = rgamma(n, (nu + k)/2, (nu + colSums((t(Y) - mu[i, ]) * Omegal,
, i1 A (e (YY) - muli, 1)))/2)

}
return(list( mu[-(1:nburn), 1, Omegal, , -(1:nburn)]))
}
library(mvtnorm)
n = 1000
k=2
mu = c(4, 5)
Omega = matrix(c(2, 1, 1, 3), k)
nu = 10

Y = rmvt(n, solve(Omega), nu, mu)
posterior = MCMCmvt(Y, numeric(k), diag(k), nu, numeric(k), matrix(0, k, k),
matrix(0, k, k), 2 - k, 5000, 1000)

par ( c(1, 2))

hist(posterior$mul, 1], "FD", FALSE, NA, expression(mu[1]))
abline( mu[1], 2, 2)

hist(posterior$mul, 2], "FD", FALSE, NA, expression(mu[2]))
abline( mu[2], 2, 2)
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par ( c(1, 3))
hist(posterior$Omegall, 1, ], "FD", FALSE, NA, expression(Omega[11]))
abline( Omega[1l, 1], 2, 2)
hist(posterior$Omegall, 2, ], "FD", FALSE, NA, expression(Omega[12]))
abline( Omegal1l, 2], 2, 2)
hist(posterior$Omegal2, 2, ], "FD", FALSE, NA, expression(Omega[22]))
abline( Omega[2, 2], 2, 2)
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2 Generalized Linear Models

2.1 Logistic Model

Consider the logistic regression model y; ~ Bernoulli(p; ), where logit p; = log 15% = Bo+pP1x;, 1.e. p; = W
We consider prior independence with improper prior distributions 7(8p) x 1 and 7(f1) < 1. We can implement a

Random Walk Metropolis-Hastings Algorithm with proposed random variables 3 | ﬁégil) ~N (68#1), 03) and

-1 -1
B 1B ~ N (B, 07).
RWMHlogistic = function(Y, X, beta0OO, betalO, betaOsd, betalsd, niter, nburn) {

beta0 = numeric(niter)

betal = numeric(niter)
betaO[1] = betalOO
betal[1] = betall

for (i in 2:niter) {
betaOstar = rnorm(1, betaO[i - 1], betalsd)
logA = sum(dbinom(Y, 1, (1 + exp(-betaOstar - betall[i - 1] * X))~ (-1),
TRUE) - dbinom(Y, 1, (1 + exp(-betaO[i - 1] - betalli - 1] =*
X))~ (-1), TRUE))
betaO[i] = ifelse(log(runif(1)) < logA, betaOstar, betaO[i - 1])
betalstar = rnorm(1l, betall[i - 1], betalsd)

logA = sum(dbinom(Y, 1, (1 + exp(-betaO[i] - betalstar * X)) (-1), TRUE) -
dbinom(Y, 1, (1 + exp(-betaO[i] - betalli - 1] * X))~ (-1), TRUE) )
betal[i] = ifelse(log(runif(1)) < logA, betalstar, betall[i - 1])
}
return(list( betaO[-(1:nburn)], betal[-(1:nburn)]))
}
n = 1000
betal = 1
betal = 2

X = rnorm(n)
Y = rbinom(n, 1, (1 + exp(-beta0 - betal * X)) (-1))
posterior = RWMHlogistic(Y, X, 0, 0, 0.15, 0.25, 5000, 1000)

par( c(1, 2))

plot(posterior$betal, ", expression(betal0]))
abline( beta0, 2, 2)

plot(posterior$betal, ", expression(betal1]))
abline( betal, 2, 2)
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hist(posterior$betald, "FD", FALSE, NA, expression(betal0]))
abline( betaO, 2, 2)
hist(posterior$betal, "FD", FALSE, NA, expression(betal1]))
abline( betal, 2, 2)
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2.2 Probit Model

Consider the probit regression model y; ~ Bernoulli(p;), where p;, = @ (1?6) and 8 € R*. We consider the

independent random variables z; = x?ﬁ + ¢;, where ; ~ N(0,1). Then, we observe that:

pi=PY;=1)=® (¢ B) =P(e; <z} B) =P (s = —a/ B) =P(Z; > 0).

In other words, y; | 2; 4 Ly.,>0y- We consider the prior distribution 3 ~ N (a, C’l). Calculate the conditional

posterior distributions of the parameter 8 and the latent variables z;.
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Solution.

The prior distribution may be written as follows:

_\T _
() = om0 | e { L)
{ BTCB —28TCa + aTC’a}
X exp 4 — 5
qexp{—ﬂzcﬂ +5T0a}.

The complete-data likelihood, i.e. the joint likelihood of the observed variables y; and the latent variables z;, is
given by:
(y,2|ﬁ :H y27zz|5)

H (zi | B)f (i | 2:)

s I

1 ( _xTﬁ) 1-y;
- \/geXp{_ 2 10l %0

We define z = (zq,... ,zn)T € R™ and the design matrix X = (z1,... ,xn)T € R*"*F. Then, we observe that
z ~ Ny, (X8,1I,). In other words, the likelihood of the sample is given by:

F,z18) = f(z|B) flyl=)
=f 18- [[fwil =)

i=1
n

e f (- XB)(- XB) L
= (27)" 2 |L,| 2exp{ 5 H]IZEZ,EO}]I}Z,QQO}

=1

2T —28TXT2 + BTXTXB) 1
X exp {— B } H ]l%z, o}]l{zby<o}
=1

BTXTXﬂ .
ocexp{—2 + 8T X"z H]l{zgo} %Z y<0}

Therefore, we get the conditional posterior distribution of 8 as follows:

(B zy) < w(B,z|y)

X exp {—ﬁTCﬁ + ﬂTCa} - exp {—ﬁTXTXB + ﬂTXTz}

2 2

= exp{ 567 (C+ X"X) + 57 (Ca+ X72)
C
= exp 5TC”5 +BT(C+XTX) (C+X"X) ™ (Ca+ XT2)

Cr an,
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Furthermore, we get the conditional posterior distribution of the latent variables z; as follows:

zi—xlpB ? . o
f(zi | yis B) o< fyi, 2i | B) o< exp {—(2) ﬂl{hzeo}]l}zﬂo}'

In other words,
Bz~ N ((C+XTX) 7 (Cat XT2), (C+XTX) ),
(zi |yi =1,8) ~ N (2] 8,1) Ti>00, (2ilyi=0,8)~ N (2 8,1) 1. <0y-
We observe that:

P (zi — szﬁ) - (—xTﬁ) P (zi — x?ﬁ)

i

Fz,lyi=1,8(2) = ey Lgzzop Faiy=o6(zi) = Wﬂ{zmm-
K3

If Uy, Us,...,U, ~ Unif]0, 1], then we get that:

7 @ (I B) Ui+ 1—@ (27 B)] +afB, yi=1 .
ot [(1—@ (27B)) U] + 7B, y; =0
MCMCprobit = function(Y, X, betaO, a, C, niter, nburn) {
library (MASS)
n = length(Y)
k = dim(X) [2]
beta = matrix(0, niter, k)
Z = matrix(0, niter, n)
betal[l, ] = betal
prob = pnorm(X %x*% betall, 1)
U = runif(n)
Z[1, 1 = X %*% betal[l, ] + ifelse(Y == 1, gnorm(prob * U + 1 - prob), gnorm((1l -
prob) * U))
for (i in 2:niter) {
Cninv = solve(C + crossprod(X))
an = crossprod(Cninv, C %*% a + crossprod(X, Z[i - 1, 1))
betali, ] = mvrnorm(l, an, Cninv)
prob = pnorm(X %*% betali, 1)
U = runif(n)
Z[i, 1 = X %*% betal[i, ] + ifelse(Y == 1, gnorm(prob * U + 1 - prob),
gnorm((1 - prob) * U))

}

return(list( beta[-(1:nburn), ], Z[-(1:nburn), 1))
}
n = 1000
k=2

beta = c(1, 2)
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X = cbind(1, rnorm(n))
Y = rbinom(n, 1, pnorm(X %*%, beta))
posterior = MCMCprobit(Y, X, numeric(k), numeric(k), matrix(0, k, k), 5000,
1000)
par ( c(1, 2))
hist(posterior$betal, 1], "FD", FALSE, NA, expression(beta[0]))
abline( betal1], 2, 2)
hist(posterior$betal, 2], "FD", FALSE, NA, expression(betal1]))
abline( betal[2], 2, 2)
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2.3 Log-Linear Poisson Model

Consider the log-linear regression model y; ~ Poisson();), where log\; = By + S1z;, ie. A\ = ePotBizi  We
consider prior independence with improper prior distributions 7(8p) o 1 and 7 (/1) o< 1. We can implement a
Random Walk Metropolis-Hastings algorithm with proposed random variables 5 | /3(()[71) ~N ( (()hl), 03) and
1 15 e (56, 07).
RWMHpois = function(Y, X, beta0O, betalO, betaOsd, betalsd, niter, nburn) {
beta0 = numeric(niter)
betal = numeric(niter)
betaO[1] = betal0
betal[1] = betall
for (i in 2:niter) {
betalOstar = rnorm(1l, betaO[i - 1], betaOsd)
logA = sum(dpois(Y, exp(betaOstar + betall[i - 1] * X), TRUE) -
dpois(Y, exp(betaO[i - 1] + betalli - 1] * X), TRUE))
betaO[i] = ifelse(log(runif(1)) < logA, betaOstar, betaO[i - 1])
betalstar = rnorm(1l, betall[i - 1], betalsd)
logA = sum(dpois(Y, exp(betaO[i] + betalstar * X), TRUE) - dpois(Y,
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exp(betal[i] + betalli - 1] * X), TRUE))
betal[i] = ifelse(log(runif(1)) < logA, betalstar, betall[i - 1])
}
return(list( betaO[-(1:nburn)], betal[-(1:nburn)]))

n = 1000

betal = 1

betal = 2

X = rnorm(n)

Y = rpois(n, exp(beta0 + betal * X))

posterior = RWMHpois(Y, X, 0, 0, 0.015, 0.0075, 5000, 1000)

par ( c(1, 2))
plot(posterior$betal, ", expression(betal0]))
abline( betal, 2, 2)
plot(posterior$betal, ", expression(betal1]))
abline( betal, 2, 2)
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Index Index
hist(posterior$betal, "FD", FALSE, NA, expression(betal[0]))
abline( betaO, 2, 2)
hist(posterior$betal, "FD", FALSE, NA, expression(betal1]))
abline( betal, 2, 2)
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2.4 Zero-Inflated Poisson Model

Consider the zero-inflated Poisson regression model:

1—p+pe?, k=0

P(Y; = k) = .
pe‘A%7 k=1,2,...
We consider the independent random variables z; ~ Bernoulli(p). For k =0, 1,..., we observe that:
_a Ak

P(Yi=k|Z;,=1)=e P(Y;=0]|Z%;=0)=1.

H7

In other words, it holds that (y; | z; = 1) ~ Poisson(\) and (y; | z; = 0) £ 0. We consider prior independence with
prior distributions p ~ Beta(a, ¢) and A ~ Gamma(d, ¢). Calculate the conditional posterior distributions of the

parameters p, A and the latent variables z;.
Solution.
The joint prior distribution may be written as follows:

m(p,A) = 7(p)m(N)

F(CL—I-C) a—1 c—1 qd -1_—q
Tari? 7P g e

O(pa71(1 —p)671 . )\dflefq)\.

—-p

The complete-data likelihood, i.e. the joint likelihood of the observed variables y; and the latent variables z;, is

given by:

n

f(y7z‘p7)‘):Hf(yi7zi ‘p7)‘)

i=1
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=1[rGInfwil 2N

i=1
n )\yl Zi
. Zi 172:7; - 1_Zi
= Hp (1-p) (6 ui! ) Ly 2oy
=1

n
[T —p) ey =
i=1
_ _ _ _ n
o pnz(l _ p)n—nz . )\nye—n/\z . H]ll—zi

{y:=0}"
i=1

Therefore, we get the conditional posterior distributions of p and A as follows:

K

T(p | A2z y) cm(p, A2 [ y)
m(p) - f(y, 2 | p, \)
xp* Nl —p)tp (L —p)"
= potnE=l(] _ pjetn—ni-1
T(A[p,z,y) xm(A) - fy,z [ p,A)
ox N le=ar  \Yo—nAZ

_ >\d+n§71 ef(qunE))\

Furthermore, we get the conditional posterior distribution of the latent variables z; as follows:

Pz Lyip, A) o fyis2i | poA) o p™ (L= p)t = 2e 1 =0 = (pe™) ™ (L—p) 771 %)

In other words,
pl|z,y~Betala+nzZ,c+n—nz), A|zy~ Gamma (d+ ny,q+nz),
A

. e
(Z’i | Y = O,pa A) ~ Bernoulli <pe>1\)—~—]_—p

)a (zi |y > 0,p,A) £ 1.
MCMCzip = function(Y, pO, lambdaO, a, c, p, q, niter, nburn) {
n = length(Y)
SY = sum(Y)
p = numeric(niter)
lambda = numeric(niter)
Z = matrix(0, niter, n)
pl1]l = pO
lambda[1] = lambdaO
Z[1, ] = ifelse(Y == 0, rbinom(n, 1, p[1] * exp(-lambda[1])/(p[1] * exp(-lambda[1]) +
1 -plil»), D
for (i in 2:niter) {
SZ = sum(Z[i - 1, 1)
pli]l = rbeta(l, a + SZ, ¢ + n - SZ)
lambda[i] = rgamma(l, p + SY, q + SZ)
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Z[i, ] = ifelse(Y == 0, rbinom(n, 1, p[i] * exp(-lambdal[i])/(p[i] *
exp(-lambdalil) + 1 - pl[il)), 1)

}
return(list( pl-(1:nburn)], lambda[-(1:nburn)], Z[-(1:nburn),
)
}
n = 1000
p=0.75
lambda = 2
Y = ifelse(rbinom(n, 1, p) == 1, rpois(n, lambda), 0)
barplot (table(factor(Y, 0:max(Y)))/n, 0)
lines(0:max(Y) + 0.5, c(1 - p, numeric(max(Y))) + p * dpois(0:max(Y), lambda),
2, 2)
o
3 \
o
s N\
S N\
] \
S \
o ~
_ ~
o ::>‘=:4->
o [
o

0 1 2 3 4 5 6 7

posterior = MCMCzip(Y, 0.5, 1, 0.5, 0.5, 0.5, 0, 5000, 1000)

par( c(1, 2))

hist(posterior$p, "FD", FALSE, NA, "p")

abline( P> 2, 2)

hist(posterior$lambda, "FD", FALSE, NA, expression(lambda))
abline( lambda, 2, 2)
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3 Other Applications

3.1 Change Point Model

Consider the following model:

e Fori=1,2,...,t, the observation x; is an independent realization of a Poisson random variable with mean
0.

e Fori=t+1,t+4+2,...,n, the observation z; is an independent realization of a Poisson random variable with
mean 6s.

We consider the prior distributions §; ~ Gamma(ps, q1), 02 ~ Gamma(ps, ¢2) and t ~ U{1,2,...,n—1}. Calculate

the conditional posterior distributions of the parameters of the model and the marginal posterior distribution of ¢.
Solution.

The joint prior distribution of 6, #> and ¢ may be written as:

7T(91,027t) = 71'(91) . 7T(92) . W(t)
1

D1 D2
4 pi—1,—q6;  _92 601’2_16—11292 .
2 n—1

CI(py) ! I'(ps)
o 95’1_16_‘1191 . 952_16_‘1292.

We define: )

St = ZEL‘Z‘.

i=1
Then, we observe that:
n t n
Sn_St:Zmi_Zl'i: ZSUZ
i=1 i=1 i=t+1

The likelihood of the sample is given by:

n

t
fa|01,02,t) =[] flxil01) J] flail2)
i=1 i=t+1
t . n .
07 03¢
SIS e
i=1 Tit S Li:
=l
—t01 0S¢ _—(n—t)02 pSn—S8
:et191t_e(n t)202 tHF
i=1""
x e—telelst . e—(n—t)@ze;‘n*St.

Therefore, we get the conditional posterior distributions of 81, s and t as follows:

w(01 | O2,t,x) x w(01, 02, | x)
X 7T(917927t) . f(x ‘ 917927t)
x 9]1917167(1101 . e*telf)ft

-1 _
— 0{’14—51, e (q1+t)01’
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7T(92 ‘ 91,757:17) X 7T(91,92,t) . f(l‘ ‘ 91,92,t>
x 952*16—%92 . e—(n—t)ézeg'n—st

_ gp2+Sn—St—1_—(g2+n—t)0
= 02 t e (q2 ) 2,

7T(t | 91792,17) X 7T(91,92,t) . f(:L‘ | 61,02,t)

x e*tel glst . ef(n*t)ezagn—st

x eftelﬂft el 92_5’5

St
— ¢~ (01—02)t ﬁ
0 '

We observe that the parameters 6; and 6, are a posteriori independent given ¢, that is:
01 | t,x ~ Gamma (p; + St,q1 +t), 02 |t, v~ Gamma (p2 + S, — S¢,q2 +n —1t).

The conditional posterior distribution of ¢ is a discrete distribution 7 (¢ | 6y, 62, ) with finite support {1,2,...,n—1}.
For the calculation of the probability vector 7 (¢ | 61,62, 2) we use the Log-Sum-Exp trick. In other words, we
define:

01
v (61 = 02)i 8 02 " ie{lr,r.l.z.i,i—l}v

Then, we get that:

Furthermore, we get the marginal posterior distribution of ¢ as follows:

7T(t | 1‘) = /0 A 7T(01,027t | I)d01d92
0.8 / / 7T(91,92,t)f(5€ | 01,02,t)d01d02
0 0
x / / gy tem b ghlomate  o=thigSt o —(n=)0295n =5t g9, 49,
0 0

e} oo
— / 9{1+St_1€_(ql+t)91d01 . / 932+S71_St_1e_(q2+n—t)92dez
0 0

_ P(p1+S)  T(p2+Sn—Si)
(C]1 + t)p1+5f, (q2 +n— t)p2+sn_st

We implement the following Gibbs sampler to simulate from this joint posterior distribution.

MCMCchangepoint = function(Y, thetalO, theta20, pl, ql, p2, g2, niter, nburn) {
length(Y)

n
S

thetal = numeric(niter)

cumsum (Y)

theta2 = numeric(niter)
t = numeric(niter)
thetal[1] = thetall
theta2[1] = theta20
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Algorithm 3.1 Gibbs Sampler
Initialize 9%0), 950), £,

Iterate the following steps:
1: Simulate 9§k) ~ Gamma (pl + Sie-1,q1 + t(kfl)).
2: Simulate 05" ~ Gamma (p2 + S, — Sy, g2 +n — t#D),

3: Calculate the probability vector 7 (t | ng), 9§k), x) Simulate a value t**) from the set {1,2,...,n—1} according
to that probability vector.

logprob = S[-n] * log(thetal[1]/theta2[1]) - (thetal[1] - theta2[1]) * (1:(n -
1))
t[1] = sample(n - 1, 1, exp(logprob - max(logprob)))
for (i in 2:niter) {
thetal[i] = rgamma(l, pl + S[t[i - 111, q1 + t[i - 11)
theta2[i] = rgamma(1l, p2 + S[n] - S[t[i - 111, 92 + n - t[i - 11)
logprob = S[-n] * log(thetall[il/theta2[i]) - (thetal[i] - theta2[i]) *

(1:(a - 1))
t[i] = sample(n - 1, 1, exp(logprob - max(logprob)))

}

return(list( thetal[-(1:nburn)], theta2[-(1:nburn)], t[-(1:nburn)]))
}
n = 100
thetal = 2
theta2 = 4
t =75
Y = c(rpois(t, thetal), rpois(n - t, theta2))
plot (Y, "b", 16, 2)
abline( thetal, 4, 2)
abline( theta2, 4, 2)
abline( t, 2, 2)
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posterior = MCMCchangepoint(Y, 1, 1, 0.5, 0, 0.5, 0, 5000, 1000)
par ( c(1, 3)»
hist(posterior$thetal, "FD", FALSE, NA, expression(thetal[1]))
abline( thetal, 2, 2)
hist(posterior$theta2, "FD", FALSE, NA, expression(theta[2]))
abline( theta2, 2, 2)

barplot(table(factor(posterior$t,
0)

abline(

n
3

15 2.0

Density
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3.2 Mixture Model

Let y1,...,yn be a random sample from the following mixture of Poisson distributions:

f(yl | Q, /67’)/) = PYfPoisson(yi | a) + (1 - ’Y)fPoisson (Zh | aeﬁmi) 3
where we denote the probability mass function of the distribution Poisson(6) by fpoisson(¥i | #). We consider prior
independence with prior distributions @ ~ Gamma(2,1), 8 ~ N (0,1) and v ~ U(0,1) = Beta(1,1).

a. Calculate the conditional posterior distributions of «, 3, . Use the prior distributions of «, v as independent

proposal densities and a random walk proposal for the parameter 3.

b. Now, consider the following data augmentation technique. For each y;, we insert a binary random variable z;
such that:
P(Zi=1]7)=1-P(Z =0]7) = 7.

Then, the conditional probability mass function of y; given z; is given by:

. o o
f(yz | Ziaa,ﬂ) — messon(yz ‘ )7 ; |
fPOiSSOH (yl | aeﬂxi) , 2=0

Calculate the conditional posterior distributions of all unknown quantities.

Solution.

a. The joint prior distribution of «, 8 and v may be written as:

m(a, B,7) = m(a) - m(B) - w(v)

=ae - L e P72

V2r

_ _R2
x e e P2,

The likelihood of the sample is given by:

flapy) =]]fwleB7)

=1
n
= H [’YfPoisson(yi | Oé) + (1 — ’Y)fPOisson (yl ‘ aeﬁmi)]
i=1
. b v Vi eBTiYi
=11 [ve—“a (1= y)e a@']
i=1 Yi: yi!
n aYi .
=11+ [7670‘ + (1= y)elrivizac }
-1 Y=

For the calculation of the likelihood, we use the Log-Sum-Exp trick. In other words, we define:

Vi1 = logy +10g froisson (¥i | @), i1 =log(1 — ) 4108 froisson (¥i | c€”™),  m; = max {vi1,via} .
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Then, we infer that:

log f(y ‘ ayﬁa')/) = Z [mi + log (evu—mi + €Ui2_mi)} )

i=1

Therefore, we get the joint posterior distribution of o, 8 and  as follows:

Tr(a7ﬁ7’7 | y) (Xﬂ-(aaﬁa’Y)'f(y | Oé,ﬁ,’}/)

We implement the following Metropolis-Hastings algorithm to simulate from this joint posterior distribution. We

adjust the proposal variance a% so that the percentage of accepted values for 3 is roughly equal to 50%.

Algorithm 3.2 Metropolis-Hastings
Initialize a(9), 40 50),

Iterate the following steps:
1: Simulate o* ~ Gamma(10,1) and U, ~ U(0, 1).

2: Calculate the ratio:
o S lyla7, 80, 400)
Sy laltn, gD D)

3. If U, < Ag, then let o® = a*. Otherwise, let al®) = o(¢=1).
4: Simulate v* ~ U(0,1) and U, ~ U(0,1).

5: Calculate the ratio:

A Syl a®, 50 %)
7T Ty [, B 4D

6: If U, < Ay, then let 7 = ~*. Otherwise, let v = A(¢=1),
7: Simulate f* ~ N (ﬁ(e_l),cr%) and Ug ~ U(0,1).
8: Calculate the ratio:

A a4 y)
P (BED [a®, 40, y)

9: If Ug < Ap, then let 3¥) = g*. Otherwise, let () = (=1,

logdpois = function(Y, X, alpha, gamma, beta) {
logprob = cbind(log(gamma) + dpois(Y, alpha, TRUE), log(l - gamma) +
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MHpois = function(Y, X, alphaO, gammaO, betaO, betasd, niter, nburn) {

dpois(Y, alpha * exp(beta * X),

maximum = apply(logprob, 1, max)

TRUE) )

return(sum(maximum + log(rowSums (exp(logprob - maximum)))))

alpha = numeric(niter)
gamma = numeric(niter)
beta = numeric(niter)
alpha[1] = alphaO
gamma[1] = gammaO
beta[1] = betal

for (i in 2:niter) {

alphastar = rgamma(1

,» 2)

logA = logdpois(Y, X, alphastar, gamma[i - 1], betali - 1]) - logdpois(Y,
X, alphali - 1], gamma[i - 1], betali - 1])

alphal[i] = ifelse(log(runif(1)) < logA, alphastar, alphali - 1])

gammastar = runif (1)

logA = logdpois(Y, X, alphali], gammastar, betal[i - 1]) - logdpois(Y,

X, alphali], gammal[i - 1], betali - 11)

gamma [i]

ifelse(log(runif (1)) < logA, gammastar, gammali - 1])

betastar = rnorm(1, betal[i - 1], betasd)

logA = (betal[i - 1]°2 - betastar~2)/2 + logdpois(Y, X, alpha[i], gammal[i],

betastar) - logdpois(Y, X, alphalil, gamma[i], betal[i - 1])

betal[i] = ifelse(log(runif(1)) < logA, betastar, betali - 1])

}
return(list(
}
n = 1000
alpha = 2
gamma = 0.25
beta = 0.5
X = rnorm(n)
Z = rbinom(n, 1, gamma)

Y

par(

alpha[-(1:nburn)],

gamma[-(1:nburn)],

ifelse(Z == 1, rpois(n, alpha), rpois(n, alpha * exp(beta * X)))
posterior = MHpois(Y, X, 1, 0.5, 0, 0.05, 5000, 1000)

c(1, 3))

plot(posterior$alpha,

abline( alpha, 2,

plot(posterior$gamma,

abline( gamma,, 2,

plot(posterior$beta,

ll1|l s

nn s

l|1ll’

2)

2)

expression(alpha))

expression(gamma))

expression(beta))
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abline( beta, 2, 2)
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hist(posterior$alpha, "FD", FALSE,
abline( alpha, 2, 2)
hist(posterior$gamma, "FD", FALSE,

abline( gamma, 2, 2)
hist(posterior$beta, "FD", FALSE,
abline( beta, 2, 2)

N
i

10

Density
6

1
Density
4

Il ].Hn 5

T T T 171
1.90 2.00 210 2.20

a

0.45 0.50 0.55

0.40

0.35
|

0 1000 3000 0 1000 3000

y!

Index Index

NA, expression(alpha))

NA, expression(gamma))

NA, expression(beta))

12

10

Density
6
1

| o

0.1

T | — T 1 e
0.2 03 04 05 0.35 0.45 0.55
y B

We observe that the prior distribution of « isn’t efficient as an independent proposal density.
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b. We define: . . .
ny = Z L=y, Sxy = Z Lo —oyziyi, Sp = Zﬂ{zi:o}eﬁ“-
i=1 i=1 i=1

The complete-data likelihood, i.e. the joint likelihood of the observed variables y; and the latent variables z;,

is given by:

S

f(y,Z|Ol7B,’Y): f(yiazi|aw677)

©
Il
-

I
=

fzi | il zi, 0, )

o
Il
—

-1 PN P
[P(Z’L =1 | P)/)fPOisson(yi ‘ a)}ﬂ{zi7 } [P(ZZ = O | ’y)fPoisson (yz | aeﬂ l)] ¢ o

N T ) O

ayi {z;=1} o aVieBTiyi ] {zi=0}

(76“ ) (1= p)e o
v;! v;!

|

©
Il
s

I

=1

I
=

—a\L{z=1} By —aelTi Lizi=o0} oY
Y e 1
=1

1 ;!

o
Il

x ,Ynle—nla . (1 _ ,y)n—nl eBSXy—ozSB . an@

— anye—(Sg-&-nl)a . ’ynl(l _ ,y)n—nl . esxy,e'
Therefore, we get the conditional posterior distributions of o and  as follows:

Tr(a | /8)77Z7y) O(ﬂ-(a’ﬁ7752|y)
o (e, B,7) - fly,z | o, B,7)

x e~ Ve (Sptni)a

— o{n§+167(5[3+n1+1)o¢’

7T(’)/|Oé,ﬂ,2,y) o<7r(a,ﬂ,*y)~f(y,z | O‘aﬂaf}/)

n—ni

xy" (1 =7)
In other words,

a| B, z,y ~ Gamma (ny + 2,5 +n1 + 1),

v|z~Beta(ny+1,n—n; +1).
Furthermore, we get the conditional posterior distribution of 3 as follows:

W(ﬂ | Oé,Z,y) S 77(047/377) ' f(y,Z | O‘aﬁa’Y)
o e—B2/2+SXy5—aSB,

which isn’t some known distribution.
Finally, we get the conditional posterior distribution of the latent variables z; as follows:

—a\L{z=11 By —aelTi Lizi=o0y
£ s B,y) o Flinzi | o, B,79) o (re=) o [(1= e |
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In other words,

. e "
zi | yi, o, B,y) ~ Bernoulli — .
e 9o9) ~ Bl

We implement the following Markov Chain Monte Carlo algorithm to simulate from this joint posterior distribution.

Algorithm 3.3 Markov Chain Monte Carlo
Initialize a(®), (0 5(0)  ~(0),

Iterate the following steps:
1: Simulate a® ~ Gamma (n@—i— 2, SB([—]) +n; + 1).
2: Simulate 79 ~ Beta (ny +1,n —ny +1).
3: Simulate 8* ~ N </3’(é_1),0%) and Ug ~ U(0,1).

4: Calculate the ratio:
m (87 | ), 270 y)

As = (BCD [a®, 20=1) 4

5: If Ug < Ap, then let 3 = 5*. Otherwise, let () = g(¢~1).
6: Calculate the probabilities p, = P (ZZ- =11y, a(g),'y(e),ﬂ(e)).
7: Simulate U; ~ U (0, 1).

& If U; < p;, then let zy) = 1. Otherwise, let zy) =0.

prob = function(Y, X, alpha, gamma, beta) {
logprob = cbind(log(gamma) - alpha, log(l - gamma) + beta * X * Y - alpha *
exp(beta * X))
maximum = apply(logprob, 1, max)
unnormalized = exp(logprob - maximum)

return(unnormalized[, 1]/rowSums(unnormalized))

MCMCpois = function(Y, X, alpha0O, gammaO, betaO, betasd, niter, nburn) {
n = length(Y)
S = sum(Y)
alpha = numeric(niter)
gamma = numeric(niter)
beta = numeric(niter)
Z = matrix(0, niter, n)
alpha[1] = alphaO
gamma [1] = gammaO
beta[1] = beta0l
Z[1, 1 = rbinom(n, 1, prob(Y, X, alphal[l], gamma[1], beta[1]))
for (i in 2:niter) {
nl = sum(Z[1i - 1, 1)
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Sbeta = sum(exp(betali - 1] * X[Z[i - 1, ] == 0]))
alphal[i] = rgamma(l, S + 2, Sbeta + nl + 1)
gamma[i] = rbeta(l, nl + 1, n - nl + 1)
betastar = rnorm(1, betal[i - 1], betasd)
logA = (betali - 1]1°2 - betastar”2)/2 + sum(X[Z[i - 1, ] == 0] * Y[Z[i -
1, ] == 0]) * (betastar - betal[i - 1]) + alpha[i] * (Sbeta - sum(exp(betastar *
X[Z[i -1, 1 ==0D)
betal[i] = ifelse(log(runif(1)) < logA, betastar, betali - 1])
Z[i, ] = rbinom(n, 1, prob(Y, X, alphalil, gammal[i], betal[i]))
}
return(list( alphal[-(1:nburn)], gamma [-(1:nburn)], betal[-(1:nburn)],
Z[-(1:nburn), 1))

posterior = MCMCpois(Y, X, 1, 0.5, 0, 0.05, 5000, 1000)

par ( c(1, 30
plot(posterior$alpha, "y, expression(alpha))
abline( alpha, 2, 2)
plot(posterior$gamma, ", expression(gamma) )
abline( gamma, 2, 2)
plot(posterior$beta, "ty expression(beta))
abline( beta, 2, 2)
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hist(posterior$alpha, "FD", FALSE, NA, expression(alpha))
abline( alpha, 2, 2)
hist(posterior$gamma, "FD", FALSE, NA, expression(gamma))
abline( gamma,, 2, 2)
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hist(posterior$beta, "FD", FALSE, NA, expression(beta))
abline( beta, 2, 2)
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